


Figure 11.1 Coordinate surfaces x; = const for curvilinear coordinates.
Coordinate vectors €; point in the directions of increasing x;.

from one representation to the other. It constitutes a mapping between all coor-
dinates x in the original system and coordinates X in the curvilinear coordinate
system.

The mapping (11.2) is unique and therefore invertible, provided that the Jacobian
of the transformation

X

8xj

Jx, X) =

(11.3)

is nonzero for all x. The Jacobian applies irrespective of whether the original coor-
dinate system is Cartesian. It has the reciprocal property

Jx %) - J(&x) = 1. (11.4)

Unlike Cartesian coordinates, the curvilinear coordinates X; need not represent
length. For example, the spherical coordinates, longitude A and latitude ¢, represent
angular displacements. The physical length ds; corresponding to an increment of
the curvilinear coordinate &; is accounted for in the metric scale factor h;:

ds. = h.dx. (11.5.1)

1 L 1

ht = V&, (11.5.2)

where the summation convention is suspended and V refers to differentiation with
respect to the original coordinates x,. Similarly, the physical volume corresponding
to the incremental element dV, = d&, dX,dR; in the curvilinear coordinate system is



described by

dv, = J(&, xdV,
iy (11.6)

= v,

Jx.%

The curvilinear coordinate system is orthogonal if coordinate surfaces are mutu-
ally perpendicular. Coordinate vectors &;, which point in the directions of increasing
X; (Fig. 11.1), are then likewise mutually perpendicular

€& = 61.J..

Under those circumstances, the Jacobian reduces to
J(& x) = h, h,h, (11.7)

(Prob. 11.10). Similarly, the physical volume corresponding to the element
d®, dR,d&, in the curvilinear system is just the product of the corresponding phys-
ical lengths (11.5).

The Jacobian accounts for distortions of physical length in all three curvilinear
coordinates. A special case arise when only the third coordinate is transformed

X(X) = (X}, X,, X3). (11.8)

Such is the case when surfaces of constant height are replaced by isobaric surfaces.
The Jacobian is then given by
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For this special class of transformations, (11.4) reduces to the simple reciprocal
property

A%, [0xg) "

25 (23 11.10

Xy <823) ( )
which is not true in general.

Vector operations in arbitrary curvilinear coordinates can now be expressed in
terms of the corresponding metric scale factors:

1 dy | 1 ay 1 0y

R e L o (11.11.1)
v.A:#{a_(hhA)+3_(hhA)+a_(hhA)} (11.11.2)
h1h2h3 axl 283 8)22 532 8)’23 1623
he, he, hse,
Gad= £ L 2 (11.11.3)
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11.5.3 Isentropic coordinates

The nearly adiabatic nature of air motion simplifies the governing equations when
0 is treated as the vertical coordinate. Isentropic surfaces are then coordinate sur-
faces. Large-scale air motion is nearly tangential to them (Fig. 2.9).

We consider a transformation from the standard spherical coordinates x =
(X, ¥, z) to the modified coordinates x, = (x, y, ). For it to serve as a vertical coordi-
nate, potential temperature must vary monotonically with altitude. Hydrostatic sta-
bility requires % > 0. The relationship between potential temperature and height
is then single valued - so long as the stratification remains stable. As is true for
isobaric coordinates, using isentropic surfaces as coordinate surfaces leads to a
coordinate system that is nonorthogonal.

Consider the scalar variable
¢=1/?(x,y,9(x,y, z,t),t>. (11.74)

Proceeding as in the development of (11.43) and (11.44) transforms vertical and
horizontal derivatives into

ay v a0
- (11.75.1)
d
VZI/IZVG’QII-F%VZQ, (11.75.2)

where 0 is held fixed unless otherwise noted and

ad . ad .
Vo= <5>y9tz + <3_Y>xetj (11.75.3)

represents the horizontal gradient evaluated on an isentropic surface. Then the
Lagrangian derivative becomes

d a
@ = O
(11.76)
_ + v, -V + d6 oy
=3 U VeVt grag
As before, we identify
dae
w0y = = (11.77)

as the vertical velocity in potential temperature coordinates. Positive upwards, w,
represents the Lagrangian derivative of vertical position in this coordinate system.

Letting v = z(x, ¥, 0, t) in (11.75), which for fixed 6 represents the height of an
isentropic surface, leads to the identities

30 az\ !
3 = <%) (11.78.1)
V,z= _%vze. (11.78.2)

Then substituting (11.78.2) transforms (11.75.2) into

a
V¥ =V — o

=g VoZ- (11.79)









The lower boundary condition becomes

d—‘p—d—(0£>:g%. (11.93)
dt dt a0 dt

These equations simplify the description of vertical motion, which is related
directly to the rate at which heat is absorbed by an air parcel (11.92.4). Under
adiabatic conditions, air motion is tangential to coordinate surfaces. o, and vertical
advection then vanish. Under diabatic conditions, the system is still advantageous
because it relates vertical motion (difficult to measure because of its smallness) to
quantities that are determined more reliably.

Another advantage of isentropic coordinates is enhanced resolution in regions of
strong temperature gradient, as typify frontal zones. Figure 11.5 displays a frontal
zone, represented in isobaric and isentropic coordinates. In the isobaric representa-
tion (Fig. 11.5a), motion and potential temperature vary sharply across the frontal
zone. Representing those properties numerically therefore requires high resolu-
tion. The fine computational mesh, in turn, requires a short time step. Together,
these requirements sharply magnify the computational burden necessary to treat
such behavior. The sharp gradients in Fig. 11.5 develop through flow deforma-
tion (Sec. 10.2). During the amplification of synoptic weather systems (Chap. 16), it
concentrates 6 surfaces into a narrow zone. Such deformation, however, proceeds
under nearly adiabatic conditions. It is therefore absorbed into the representation
in isentropic coordinates. In that representation, 6 surfaces maintain a fixed separa-
tion. This feature of isentropic coordinates magnifies the region of sharp behavior
(Fig. 11.5b). Properties therefore vary smoothly, limiting the computational burden
necessary to treat such behavior. Although offering these advantages, isentropic
coordinates make the continuity equation more complex. They also suffer from
variations of 6 along the Earth’s surface, which complicate the lower boundary
condition.
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Figure 11.5 Cross section of isotachs (solid) and isentropes (dashed)
through a frontal zone represented in (a) isobaric coordinates and (b) isen-
tropic coordinates. Sources: Shapiro and Hastings (1973) and R. Bleck (U.
Miami), personal communication.
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Derive the angular momentum principle implied by the vector equations of motion
in full spherical geometry.

Show that the equations of motion in an inertial reference frame are expressed
by (11.27). (Hint: See Prob. 10.9).

Show that the approximate system (11.28) has the angular momentum principle
(11.29).

The equations of motion are expressed conveniently in terms of the Exner func-
tionm = ¢ ( )" as the vertical coordinate, where p, = 1000 hPa. Transform the
equations from isobaric coordinates to Exner coordinates.

Frictional drag beneath a cyclone produces horizontal convergence, which varies
with height inside the planetary boundary layer as

N vh = ;efT* N
where ¢ = (V x v,)- k is the (constant) vorticity of the geostrophic wind above the
boundary layer and z* is log- pressure height (Prob 11.6). (a) Determine the vertical
motion as a function of height if % 7+ < 1. (b) Describe the divergent component of
motion which must exist above the boundary layer (z* > h) if, at sufficient height,
vertical motion eventually vanishes.












On an [ plane, the geostrophic velocity defines a nondivergent vector field. Tan-
gential paths of v n which coincide with height contours, then serve as streamlines.
These and other implications of nondivergence follow from the general representa-
tion of a vector field.



CAH

% (a)

The Helmholtz Theorem

Any vector field v can be represented in terms of a divergent or irrotational compo-
nent and a solenoidal or rotational component:

V=Vy+Vx, (12.4)

where x is a scalar potential (analogous to the potential function in Chap. 2) and %)
is a vector potential. The divergent component

v;=Vyx (12.5.1)
possesses zero vorticity
Vxuv,;=0. (. 285:2)
The solenoidal component
v, =V xy (12.6.1)
possesses zero divergence
V.v,=0. (12.6.2)

For the 2-dimensional field of horizontal velocity, (12.4) reduces to
v, =Vx+kxVy, (12.7.1)

where x is the velocity potential and v is the streamfunction. The horizontal velocity
field then has divergence

V.v, =V (12.7.2)
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(a) Baratropic Stratification _
A=0 p = const
- ——— 0 = const




























12.5.2 Vorticity budget under baroclinic stratification

Under more general circumstances, absolute vorticity is not conserved. However,
the governing equations still possess a conservation principle, albeit more com-
plex. Baroclinic stratification renders the motion 3-dimensional. Vorticity is then a



3-dimensional vector quantity. Despite this complication, the quasi-horizontal
nature of large-scale motion makes the vertical component of vorticity dominant.

Exclusive of friction, the horizontal momentum equations in physical coordi-
nates are

ou ap
W_i_'p.Vu_fu_—aH (12.32.1)
v ap
e v = —a— 12.32.2
8t+v v+ fu aay, ( )

where v and V denote the full 3-dimensional velocity and gradient. Cross differen-
tiating (12.32) with respect to x and y and subtracting obtains

>(8v 8u> av - av Vu+f<8u+8v> af dpda 9poa
ax ady ax ay ax ady

This may be consolidated into

d
— .V —= |
( e ”ay ax dy dy dx

at

ac+ 1) (av ov ) _
— g Vvt 5-VU—W.VH = (V,px V,a) k. (12.33)
The third term in (12.33) may be written
vy, av au (81} au) v (3v 3Ll> dw dv dw du
—Vv—-—-Vu=—\[ —— — |+ — | ——-— — e = e
ax ay ax \dx ady dy \dx dy dx dz Jy 0z
(12.34)
V.4 dw dv  Jw du
=V Ut 5x oz By oz
Similarly, the last term in (12.34) may be expressed
Jw dv Jdw du Jw Jw
ﬁ&‘@£:‘<¥w+"w>’ SR
where
Jw dv
= — - — 12.35.2
§ 3y 9z ( )
Ju Jw
= — - — 12.35.3
"= %9z ax ( )

represent the horizontal components of vector vorticity ¢ = (£, n, ¢). Then the bud-
get for the vertical component of vorticity becomes

dgc+ 1)
dt

Jw

=g f)VZ-vh+<s +na—w>+(v2vaza)-k, (12.36)

ax ay

wherein the Lagrangian derivative includes full 3-dimensional advection.
According to (12.36), the absolute vorticity of an air parcel can change through

three mechanisms (Fig. 12.9):

Vertical stretching: By continuity, horizontal convergence —V, - v, is compen-
sated by vertical stretching an air parcel (Fig. 12.9a). The reduced moment of inertia
then leads to that material element spinning up to conserve angular momentum (in
the same sense as its absolute vorticity). Horizontal divergence leads to the material
element spinning down to conserve angular momentum.




STRETCHING TILTING SOLENOIDAL PRODUCTION

Figure 12.9 Forcing of the absolute vorticity (f + ¢) of an air parcel by (a)
vertical stretching, which is compensated by horizontal convergence, (b)
tilting, which exchanges horizontal and vertical vorticity, and (c) solenoidal
production, which results from variation of density (stipled) across the pres-
sure gradient force. The latter exerts a torque on the air parcel that is
located inside a solenoid defined by two intersecting isobars (solid) and
isochores (dashed).

Tilting: Horizontal shear of the vertical velocity V,w deflects an air parcel, along
with its vector angular momentum (Fig. 12.9b). This process transfers vorticity from
horizontal components into the vertical component. A sharp horizontal tempera-
ture gradient is accompanied by strong vertical shear of the horizontal velocity
(12.11). That shear magnifies the horizontal components of vorticity & and », mak-
ing tilting an important source of vertical vorticity.

Solenoidal production: Under baroclinic stratification, isobars on a surface of
constant height do not coincide with isochores. Two sets of intersecting isobars
and isochores then define a solenoid (Fig. 12.9¢). Across it, pressure varies in one
direction, but density varies in another. Variation of density across the pressure-
gradient force then introduces a torque. The latter changes the angular momentum
of the air parcel occupying a solenoid. Under barotropic stratification, density is
uniform across the pressure gradient. The torque and solenoidal production of
vorticity V,p x V,a then vanish.

These forcing mechanisms reflect rearrangements of angular momentum - not
its dissipation, which has been excluded by considering adiabatic and inviscid con-
ditions. Scale analysis indicates that, in large-scale motion, vertical stretching dom-
inates the forcing of absolute vorticity. Other mechanisms, which are generally
smaller, derive from baroclinic stratification. The dominance of vertical stretching
is a reflection of the nearly barotropic nature of large-scale motion.

If the vorticity budget is expressed in isentropic coordinates, tilting and
solenoidal production disappear under adiabatic conditions. Vector identities in
Appendix D enable the horizontal momentum equation (11.92.1) to be expressed

av, 1

av
=i T 5V (0 ) + (G + ) kx vh+wea—9”=—vg\ll, (12.37)

where ¢, = (V, x v,) - k is the relative vorticity evaluated on an isentropic surface.
Under adiabatic conditions, the term representing vertical advection disappears.



Applying k- V,x to (12.37) then obtains the vorticity budget

A, + ) — + Vv
@ea—tf_i_vh.ve(ge—i-f) ({9 f)&'vh
or

d(;ngtr b _ Gy + )V, v, (12.38)

The Lagrangian derivative now involves only horizontal advection. Because vertical
motion vanishes identically, so does the tilting that appears in physical coordinates
(12.36). Likewise, solenoidal production vanishes because the vertical vorticity ¢, is
evaluated on an isentropic surface. Absolute vorticity then changes only through
vertical stretching. Because of the simple balance in (12.38), horizontal velocity
can be treated through the scalar properties, vorticity and divergence. This enables
motion to be integrated in numerical frameworks more effectively than can velocity
directly (Bourke, 1974). For this reason, such treatment is widely adopted in GCMs
(see, e.g., Williamson et al., 1987).

Under adiabatic conditions, the continuity equation in isentropic coordinates
(11.92.3) reduces to

d (dp op _
i (55)+(35) % va=o0. (12.39)
Combining this with (12.38) yields
1 dg+h 1 d_(@)
G+ ) dt (g—g) dt \ 80
The vorticity budget may then be expressed
dQ
=T 0, (12.40.1)
where
Q= tot f (12.40.2)

0 (a_n)
g \ 06
is one of several equivalent definitions of the potential vorticity, also called the Ertel

potential vorticity (Ertel, 1942) and the isentropic potential vorticity.

Equation (12.40) is a generalization of the conservation principle for barotropic
nondivergent motion. It asserts that, under inviscid adiabatic conditions, the poten-
tial vorticity of an air parcel is conserved. The parcel’s absolute vorticity (g, + f) can
change. However, it does so in direct proportion to the change in vertical spacing
—15 (%) of isentropic surfaces (11.85), which, under adiabatic conditions, are mate-
rial surfaces. Despite its name, the conserved property Q does not have dimensions
of vorticity; the denominator in (12.40.2) introduces other dimensions.

Potential vorticity is a dynamical tracer of horizontal motion. Under the same
conditions that Q is conserved, vertical motion is determined by variations in the
elevation of an isentropic surface, on which Q is evaluated. Unlike chemical tracers,
potential vorticity is not a passive tracer: It is not advected “passively.” Rather, the

vorticity at a point induces motion about it. This property makes Q and the motion



Qg (700 hPa)
. March 2, 1984

Figure 12.10 Distribution of quasi-geostrophic potential vorticity at 700
hPa on March 2, 1984, two days before the structure in Figs. 1.9a, 1.29.
A cyclone off the coast of Africa has rearranged air, producing a dipole
pattern in which high Qg (shaded) has been folded south of low Qg (cf. Fig.
16.6). A similar pattern appears over Europe, where Qg has been folded by
another cyclone.

field completely dependent on one another. According to the so-called invertibil-
ity principle (Hoskins et al., 1985), the distribution of Q at some instant uniquely
determines the circulation. The conserved property Q may therefore be regarded
as being self-advected.

In practice, friction and diabatic effects are slow enough away from the sur-
face and outside convection for Q to be conserved over many advection times.
Synoptic weather systems are marked by anomalies of potential vorticity (see
Fig. 12.10). Forecasting such systems amounts to predicting the distribution of
Q, which is controlled primarily by advection. Over time scales much longer than
a day, nonconservative processes lead to production and destruction of Q (e.g.,
inside an individual air parcel). Turbulence, radiative transfer, and condensation
eventually render the behavior of an air parcel diabatic. That, in turn, forces motion
across isentropic surfaces. Such irreversibility leads to a vertical drift of air, motion
that is ultimately manifest in the mean meridional circulation of the atmosphere
(Sec. 3.6.1).

Unlike barotropic nondivergent motion (12.31), behavior described by (12.40)
cannot be represented exclusively in terms of a streamfunction. Consequently,



the vorticity budget alone does not provide sufficient information to describe
the motion. Divergence, although comparatively small, interacts with vorticity in
(12.38). In large-scale numerical integrations, a closed prognostic system is formed
by augmenting the vorticity budget with the budget of divergence, which follows in
similar fashion (see, e.g., Haltiner and Williams, 1980).
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(a) Determine the components of frictional geostrophic motion tangential and
orthogonal to contours of height, in terms of the corresponding geostrophic veloc-
ity. (b) Construct an expression for the angle é by which v, deviates from height
contours. Estimate § for a Rayleigh-friction coefficient of K = 4 days~! at a latitude
of (c) 45° and (d) 15°.

By applying the results of Prob. 12.11, (a) derive an expression for the divergence
of frictional geostrophic motion on an f plane to show that, in the presence of
Rayleigh friction, V - v, is proportional to the V2. (b) From this expression, infer
how vertical motion over a surface low depends on its latitude.

The Kelvin wave figures in tropical circulations. Representing a vertical overturn-
ing in the equatorial plane, it has the form of a traveling Walker circulation (Fig.
1.36). Horizontal motion in the Kelvin wave is zonal and described by

2 .
v,(x,y) = e (1) et

where y is measured on an equatorial betaplane (¢, = 0) and Y corresponds to
10° of latitude. (a) Sketch the velocity field over one wavelength in the x direc-
tion. (b) Calculate the vorticity and divergence of the wave, sketching each on
the equatorial beta-plane. (c) Derive a system of equations that determines the
streamfunction and velocity potential of the wave. Outline the solution of this
system.

Consider steady, barotropic, nondivergent motion on a midlatitude beta plane.
The motion is zonal and uniform with v = i upstream of an extended NS ridge at
X = 0, which deflects streamlines meridionally from their undisturbed latitudes.
If the disturbed motion downstream deviates from the upstream motion by a
small meridional perturbation v’, (a) construct a differential equation governing
the trajectory y(x) of an air parcel initially at y = 0, (b) obtain the general solution
downstream of the obstacle, (c) determine the trajectory if the parcel is deflected
at (0, 0) with a slope of tan(«), and (d) interpret the motion downstream of the
obstacle in terms of a restoring force.

(a) Explain why solenoidal production of vorticity vanishes in isentropic coordi-
nates (12.38). (Hint: How many thermodynamic degrees of freedom are present
in general? along an isentropic surface?) (b) Apply this argument to the budget of
vorticity in isobaric coordinates.

Consider a steady vortex with circular streamlines and azimuthal velocity v. (a)
Determine the form of the velocity profile v(r) that possesses no vorticity for r >
0. (b) Calculate the circulation I'(r) = § v(r) - ds = 02” v(r)rd¢ about the vortex.
(c) Use Stokes’ theorem to interpret the distribution of vorticity.
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where

d = 9 +v-V
dr ~— at ’ (13:6.6)
_8+u8 +v8 +w8 o
Tt ax ' dy oz
includes 3-dimensional advection. The frictional drag, D = —1v . 7, follows from

P
the deformation tensor e (10.23). Under the Boussinesq approximation, it reduces

to
D = —vV?v. (13.6.7)

Compared with the time scale of turbulent eddies, radiative heating in g,,, is
slow enough to be ignored. However, thermal diffusion (e.g., conduction) oper-
ates efficiently on small scales that are created through turbulent deformation
(cf. Fig. 12.4). Diffusion of momentum and heat are both involved in dissipation
of turbulence, which takes place on the smallest scales of motion. Sharp gradients
produced when anomalies are strained down to small dimensions are acted upon
efficiently by molecular diffusion.”? When those gradients are destroyed, so too is
the energy that has been transferred to small scales. The foregoing process reflects
a cascade of energy from large scales of organized motion to small scales, where it
is dissipated by molecular diffusion.
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13.2.2 The surface layer

Within the lowest 15% of the boundary layer, the assumption that K = const breaks
down. Instead, K, which is determined by the characteristic velocity and length
scales of turbulent eddies, varies with height linearly. Within the surface layer, the
no-slip condition limits eddies to a characteristic length scale that is proportional
to the distance z from the ground. It gives them a characteristic velocity scale

u, = (-ww)? . (13.19)

Known as the friction velocity, u, reflects the turbulent shear stress near the
ground. The flux-gradient relationship (13.13) then requires
4 ou
u; = kzu*E, (13.20)
where v = Uiz near the surface has been presumed parallel to the x axis and k = 0.4 is
the so-called von Karman constant. Integrating (13.20) gives the logarithmic vertical
structure inside the surface layer

u il z
<Z):Em<%>’ (13.21)

inwhich z; is a roughness length that characterizes the Earth’s surface. The depth of
the surface layer varies in relation to its roughness through z,. For level vegetated
terrain, z, has values less than 5 cm.

The structure (13.21) is a counterpart of the viscous sublayer that exists in
turbulent flow over a flat plate (e.g., Schlicting, 1968). Inside it, fluxes of momentum
and heat are independent of height. For neutral stability, the logarithmic behavior
predicted by (13.21) is well-obeyed over a wide range of level terrain (Fig. 13.4). The
same is true for stable stratification, within some distance of the surface.

13.3 INFLUENCE OF STRATIFICATION

Static stability modifies the character of the boundary layer by influencing the pro-
duction and destruction of turbulence. Vertical shear of the mean flow leads to
mechanical production of turbulent kinetic energy. Under neutral stability, that
energy cascades equally into all three components of motion. The turbulence pro-
duced is isotropic.









































































































































































































































































































































































































































































































































































































































































































































































































































































































